A Correction for an Underdispersed Event Count
Probability Distribution

Rainer Winkelmann, Curtis S. Signorino, and Gary King

We demonstrate that the expected value and variance commonly given for a
well-known probability distribution are incorrect. We also provide corrected
versions and report changes in a computer program to account for the known
practical uses of this distribution.

The probability distribution in question, named the continuous parameter
binomial (CPB) by King (1989a), has been known for at least six decades.
The publications that reported the moments incorrectly, or were at least un-
clear about them, include a dated article (Guldberg 1931), a dissertation and
several resulting published articles (Katz 1945, 1965), a popular reference
book (Johnson and Kotz 1969),! work in political science on event count
regression models (King 1989a), and extensions of these event count models
in econometrics (Winkelmann and Zimmermann 1991). Event count regres-
sion models have become increasingly common in empirical political science
research; some recent examples include Wang et al. (1993) and Krause
(1994).

We first prove that the commonly given expressions for the expectation
and variance of the CPB are incorrect. Then, we derive the correct expres-
sions. Finally, we evaluate the impact on the existing empirical applications of
event count regression models (in political science and elsewhere), which rely
in part on the CPB but the wrong expectation or variance. We show that the
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1. Johnson and Kotz (1969) did not give the CPB expected value explicitly. However, they
do so implicitly by giving the factorial moments in their equation 42 (p. 41) and saying that it
applies to the CPB; these are wrong because they imply the wrong expression for the expected
value.
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corrections will not materially affect any existing substantive results. We also
provide information in this section about a computer program to run event
count regression models and for which the moments have been cormrected.

The Problem

As is well known, a random variable Y has a binomial distribution with
parameters n, n € N, and p, p € (0,1) (writing ¥ ~ B(yjn,p)) if

Pe=P(Y =B =(Z)pk(1 ~ py )

where k = 0,1, ..., n. The expectation and variance of Y are given by E(Y) =
np and Var(Y) = np(1 — p), respectively.
The CPB arises by replacing the nonnegative integer n in equation 1 by a

continuous @ € R+ where k = 0,1,..., /i and
i = { int(a) + 1 if a non-integer
a if a integer

When « is not an integer, the p, terms do not sum to one as is required for
probability distributions. Thus, the probabilities p, are obtained by applying
the following normalization:

_ Dy _
= g, k=0,1,...,4. 2
D 2;‘=Dpi n ()

For continuous a, we rewrite equation 1, using either the generalized bino-
mial coefficient (2) or the Gamma function:

_ I'a+ 1 e e
Pe= reF D@ = k7 P A ®

since n! = I'(n + 1). The claim we disprove is that the expected value of the
probability distribution defined by equation 2 is equal to ap for all & and p.

Propasition 1

Let the random variable ¥ have a continuous parameter binomial distribution
CPB(yIa,p), where a, p € (0,1). Then

EY)> ap.
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Proof.
If a € (0,1) then k € {0,1}, and

B N ) — p)a0 = (1 — p)=
Po = Ti@+ P TP =

_ al(a) — pya-1 = ap(l — p)e!
P = e P10 p) ap(l —p

Moreover,

. ap(l — p)y=!
EY) =5 = 7= e+ ap(l = p)o?

[ (1 = p)=t ]
= ap a _p)a—l(l -p)+ ap(l —p)"‘_l

_ [ (1= p)=! ]
= ap A=p=Hl—p+op

1 (]
=ap[1+(a—1)17]>ap

The Solution

The correct expected value can be calculated by the usual formuta:

n

E(Y) = 2 yCPB(y|ap).

i=0

C))

i alculated for successive
Using the same method as above, E(Y) can be ¢ . f
inter%ajs of o and generalized. For the first three unit regions, the expected

value is as follows.

1
EXlo<a=lp)= ap[m]

2) 1+ (a~2)p D
E¥|l <a=2p)=ap — T
i <o L+ (a-2p + EZBET D
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E(Y2<a=3p) =ap

1+(a—3)p+——————__(a—3£(a_2)p2

X

1+ (a-3)p+ (t71—3)2(01—2)p._,+ (u—3)(a6—2)(a— l)ps

The same pattern continues for subsequent intervals of . Generalizing over
all a and p yields

Oi~l(a — ﬁ,p)]

Ey = "”[ O (a = 7ip)

%)

where
Ox(7,p) = Z(—,’,l o 6)
i=Q °°

and (1); is Pochhammer’s symbol, given by
Wi=vy+Dy+2)- - (y+i—-1
Yo =1.

Equation 6 may alternatively be written as

@K(y,p)=2x(”’f"‘)u‘ Q)

i=0 !

where (}) is the generalized binomial coefficient, defined for real n and integer
k as

@)=mn—n~-m~k+nm

(5)=1

Appendix A gives a more formal proof of this same result.
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The difference between the expected value ap assumed in the literature
and the correct expression in equation 5 is not large, but it is not zero, and it
varies with the two parameters of the CPB. Fortunately, it can be easily shown
that the ©-ratio in equation 5 converges for both a and p. There are a number
of interesting characteristics to the error’s limits centering around this ratio.
First, notice that in the @-ratio all but the first term in both the numerator and
denominator polynomials contain a p? term, where i = 1. Thus,

. [@i-1(a - ﬁ,p)] _
Jimm, [“@_*ﬁ(a = 1

Similarly, all but the first term in both the numerator and denominator poly-
nomials contain an (@ ~ 7) term. Therefore, for the intervals i — 1 < a < A,

. [@F 1 a— ﬁ,p)] _
01‘1_137 [ @ (a — A,p) 1.

Finally, there is an overall convergence in the ©@-ratio as a increases. Note
that the numerator and denominator polynomials of the @-ratio are exactly the
same, except for the last term in the denominator. As « increases, this addi-
tional term decreases in its effect on the ratio, giving

. Oi-l(a — ﬁ,p)] _
o [ O a —Ap) |

To get a feel for this convergence we present figure 1. This figure is a three-
dimensional plot with values of @ and p along the two axes on the floor (with
ranges 1 < a = 10 and O < p < |, respectively) and with the height of the
surface representing the effect of 7~ !(a — 7,p)/®%(a — 7,p). As the above
limits indicate, the surface is on or near the floor (i.e., a ratio of one) for most
combinations of a and p. The effect of the &-ratio on ap decreases exponen-
tially as p decreases, decreases in each interval i — 1 < @ </ias a— #, and
decreases exponentially overall as a — .

To get a feel for the difference between the expected value ap assumed in
the literature and the correct expression in equation 5, we present two addi-
tional figures. Figure 2 is, again, a three-dimensional plot with values of a
and p along the two axes on the floor (withranges0 < a<5and0<sp =1,
respectively), and with the height of the surface representing the error €(a,p)
= E(Y) — ap. As can be seen, the surface is on or near the floor (i.e., zero
error) for most combinations of « and p. The error decreases as p decreases,
decreases in each interval /i — 1 < a =< /i as a— #, and decreases overall as «
— o, The largest errors are for values of p near 1.0 and a near zero.



















