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We derive a unified statistical method with which one can produce substantially im-
proved definitions and estimates of almost any feature of two-party electoral systems that
can be defined based on district vote shares. Our single method enables one to calculate
more efficient estimates, with more trustworthy assessments of their uncertainty, than each
of the separate multifarious existing measures of partisan bias, electoral responsiveness,
seats-votes curves, expected or predicted vote in each district in a legislature, the probabil-
ity that a given party will win the seat in each district, the proportion of incumbents or
others who will lose their seats, the proportion of women or minority candidates to be
elected, the incumbency advantage and other causal effects, the likely effects on the elec-
toral system and district votes of proposed electoral reforms such as term limitations,
campaign spending limits, and drawing majority-minority districts, and numerous others.
To illustrate, we estimate the partisan bias and electoral responsiveness of the U.S. House
of Representatives since 1900 and evaluate the fairness of competing redistricting plans for
the 1992 Ohio state legislature.

1. Introduction

We introduce a unified and relatively simple statistical model with
which one can evaluate electoral systems and redistricting plans in almost
any way for virtually any legislature with two major parties and predomi-
nately single-member districts. This model is useful (1) for understanding
an election that has already taken place; (2) for predicting a future elec-
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tion, possibly subject to a new redistricting plan; and (3) for evaluating
a past election under specified counterfactual conditions (e.g., supposing
no incumbents had run for reelection). For each of these general situa-
tions, our method enables one to make virtually any prediction about or
characterization of the pattern of district votes in an electoral system
(e.g., the proportion of African American legislators who would lose their
seats under a proposed redistricting plan). Some of the electoral system
summaries that can be produced by this method include:

o the seats-votes curve (Edgeworth 1898; Butler 1951; Schrodt 1981;
Niemi and Fett 1986; Gelman and King 1990b);

e partisan bias and electoral responsiveness (Tufte 1973; Grofman
1983; King and Browning 1987; Brady 1988);

e the expected or predicted vote in each legislative district (Lewis-
Beck and Rice 1992; Cain 1985; Born 1983);

e the probability that a given party will win the seat in each district;

e incumbency advantage and other causal effects (Erikson 1971;
Alford and Brady 1988; Gelman and King 1990a);

e the expected proportion of incumbents, or others, who will lose
their seats (Mayhew 1974; Fiorina 1977; Ferejohn 1977; Jacobson
1987);

e the expected number of women or minority candidates to be
elected;

o the likely effects on the electoral system and district votes of pro-
posed electoral reforms, such as term limitations (Benjamin and
Malbin 1992; Rothstein and Gilmour 1992), campaign spending
limits (Jacobson 1980), and drawing majority-minority districts
(Grofman, Handley, and Niemi 1992);

¢ the contributions of incumbency advantage, or other aspects of the
electoral system, to electoral system phenomena such as divided
government (Mayhew 1991; Fiorina 1992; Campbell 1992; King and
Gelman 1991).

In providing estimates of these theoretical concepts, we apply the
most important insight of the field of statistics in this century to the study
of legislative elections—the distinction between the data one observes
and the theoretical concepts to be estimated with the data. Too often in
the legislative elections literature, scholars define a theoretical concept
as identical to a measure of it. For example, scholars have defined the
vulnerability of incumbents as their electoral margin in the last election.
Certainly the latter has something to do with the former, but the two are
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not the same.! Our model enables one to define any theoretical concept
related to legislative elections and to make the best use of available data
to provide empirical estimates.

Moreover, as soon as one makes the fundamental distinction be-
tween theory and data, the indispensable role of quantitative estimates
of uncertainty (such as standard errors, confidence intervals, or margins
of error) becomes absolutely clear. Perhaps since the distinction between
theoretical concepts and data is not always made in legislative elections
research, consistent reporting of standard errors is not yet routine. Our
model automatically produces these estimates for virtually every quantity
calculated and should therefore make reporting easier as well.

We also provide means of evaluating the fit of the model to the data.
Since our model cannot be estimated with existing statistical software,
we have made available, as an accompaniment to this paper, a general
purpose computer program that implements this model. We have evalu-
ated the performance of this model in hundreds of thousands of districts,
in dozens of election years in the U.S. Congress and numerous state
legislatures. We have also had some limited experience applying the
model to data from foreign countries.

This paper had its origins in our attempts to generalize the models
and methods developed in a series of articles by King and Browning
(1987), King (1989a), Gelman and King (1990a, 1990b), and King and
Gelman (1991). The most recent of these models is technically sophisti-
cated and quite computationally intensive; we believed that adding addi-
tional features would make it more realistic but would unfortunately pro-
duce an even more complicated model. We were right about the former
and wrong about the latter: adding additional information produced a
more realistic model for which much of the algebra fell out, leaving a
surprisingly simple model. We simplified the model further by eliminating
features that did not materially affect the substantive conclusions, based
on our analyses of congressional and state legislative elections. The re-
sulting model turned out to be useful not only for our original goal but
for numerous other applications in the academic literature as well.

Section 2 introduces the basic model; section 3 discusses issues of
preliminary estimation. We derive the distribution of votes in actual,
predictive, and counterfactual situations derived from this model in sec-
tion 4. In section S, we show how to estimate, along with a standard

1Tt is not difficult to imagine an incumbent who wins elections by small margins but,
perhaps due to high levels of racial polarization, consistently and predictably wins reelec-
tion; similarly, an incumbent who won with a large margin in the last election would be
quite vulnerable if he or she were convicted of a felony.
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error, any feature or prediction of interest. Examples appear in section 6.
Section 7 concludes. Appendixes A-C provide technical details.

2. A Model of District-based Electoral Systems
2.1. The Model

In order to generally distinguish between the data (actual election
results) and theoretical quantities of interest, we begin by predicting what
could happen, or what would have happened, if the election were held
again under specified conditions. More specifically, we define hypotheti-
cal election results as the set of all possible election outcomes that could
have occurred if all political conditions up to the start of the campaign
were held constant and the campaign were run again.

To define hypothetical elections formally, we need a probability
model to encompass our uncertainty and allow a range of reasonable
possibilities for the hypothetical outcomes. This avoids the unreasonable
assumption that election outcomes are exactly determined and can be
forecast without error, given variables measured before the start of the
campaign. The model presented here allows us to calculate the (posterior)
probability distribution of these hypothetical election results. We think
of the observed election result as just one of the possible hypothetical
election results that could have occurred. Any specific theoretical quan-
tity of interest and its standard error can then be calculated directly from
the distribution of hypothetical election results.

Although our model applies to any two-party system, we use the
labels “‘Democratic’’ and ‘‘Republican’’ to fix ideas more clearly. We
also use a state legislative election as the running example with which to
introduce this model. It should be clear, however, that the model applies
much more widely. Following the algebraic presentation of the model,
we discuss in more detail a substantive interpretation of the model in
section 2.2, and the explanatory variables we recommend including in
section 2.3. A discussion of alternative arrangements for the treatment
of uncontested districts appears in Appendix A.

Notation. We assume a legislature comprising » single-member dis-
tricts, denoting v; as the Democratic proportion of the two-party vote in
each district i, and v as the set of votes for all districts (v, v,, . . ., v,).
The votes v will be predicted by & explanatory variables, which can to-
gether be written as an n X k matrix, X. The first column of X should be
all ones, corresponding to an intercept term in a regression; the remaining
columns should be substantive explanatory variables, which we discuss
in section 2.3. The matrix X is always known, and the votes vector v is
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Table 1. Model Structure

Hypothetical Replications

Actqal of Each District Election
Election
District Number Results i 2 cee m
1 v, v(lhyp)l vtlhyp)Z e Vﬁhyp)m
Vs v(zhypll Vghypll e Vghyp)m
n v, vE[hyp)l Vilhyp)z SR Vizhyp)m
Quantity of interest Q Qhyeil Qthyp)2 . Qhyp)m

known when evaluating an election that has occurred, but unknown for
prediction.

For hypothetical elections, we define a known matrix X ™ of ex-
planatory variables, and an unknown vector v of hypothetical district-
level Democratic vote proportions. The vector X "? is either equal to X
or, to evaluate counterfactual assumptions, is defined as needed.? The
goal. of the analysis is inference about v™®, given X™P (and given v
if available). For the next brief subsection, we refer to the individual
hypothetical replication j of the election in district i as v{"?/,

Conceptual overview. The goal of our model is to calculate a joint
probability distribution for all quantities of interest, such as those listed
in section 1. From this, all point estimates and standard errors can be
calculated. One way to portray our method of calculating this, as well as
the results of the model we are about to describe, is Table 1 (see Rubin
1987). Each row in the table refers to a district, with the district number
in the first column and the actual election result in the second. If the
problem is one of prediction, instead of evaluation, the actual election
result is obviously not known. The remaining columns depict m» hypo-
thetical replications of each district election. Thus, in district 2, the actual
Democratic proportion of the two-party vote is v, (which might be, say,
0.56) and again is known only if we are evaluating and not predicting.
The first hypothetical replication, numbered 1, of the election in district 2
is v (which might be, say, 0.52 or 0.57), an example of what might
happen if all conditions up to the start of the general election campaign
were the same, but the campaign and balloting were run again. The sec-

’For example, one might set the incumbency codes to all zeros to study the likely
effect of term limits.
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ond hypothetical replication in district 2 is denoted v{"™??, which is an-

other draw from the same probability distribution characterizing these
hypothetical elections. In this way, we model the uncertainty in electoral
results by this variation across hypothetical elections.

The last row in the table is a ‘‘quantity of interest,”’ denoted Q for
the actual election result and Q™¥? for hypothetical election replication
J. This summary statistic is calculated from its corresponding column of
real or hypothetical data. This could be virtually anything, but to fix ideas
imagine that it is the proportion of incumbents who win reelection. Since
for most purposes, incumbency is one of the conditions that, at the start
of a general election campaign, we assume to be fixed across hypothetical
replications, Q™ is calculated by taking the proportion of the district
votes in the column greater than 0.5 (for Democratic incumbents) or less
than 0.5 (for Republican incumbents) among only the rows that have
incumbents.

Once we have a set of hypothetical election results for each district
election, and we have decided which summary statistic Q we wish to
calculate and have calculated it, we can use a simple procedure to calcu-
late an overall point estimate and standard error. The point estimate is
just the average, and the standard error is the square root of the variance,
across the row of m summary statistics in the table calculated for each
hypothetical election result:

é = %Z QP (1)
i=1

Var(Q) = —— " (@™ - Q). @
=1

The only task remaining, then, is to estimate the (posterior) proba-
bility distribution, with which we can generate these hypothetical elec-
tion results and, in turn, calculate our point estimates and standard er-
rors. Once we have this distribution, our actual method of calculation
and estimation will correspond closely to the procedure illustrated in
Table 1.

The probability model. We model the district vote outcomes with a
random components linear regression of v on X,

v=XB +v+e, (3)

where B is a vector of k parameters that must be estimated from data,
and y and e are two vectors of independent error terms. Strictly speaking,
this independence assumption is imposed as a definitional feature of our
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model, not assumed as a characteristic of the world; testing whether
definitions such as this are ‘“‘true’’ makes little sense, since & is defined
as the part of the error term that is independent for each district vote.
The variable ¢ is a traditional random error term; v is the ‘‘random com-
ponent’” error term, which helps correct for the fact that the X variables
do not completely describe the state of the electoral system at the start
of the campaign due to the omission of relevant variables and measure-
ment error in the variables included. (We provide a detailed interpretation
of vy and ¢ in section 2.2.) For each district i, the error terms are assigned
independent normal distributions,

’Yi -~ N(Oa 0--2y)
g;~ N(0,c?), @)

with variances o2 and o} that must be estimated. Because v; and ¢, are
independent, equations (3) and (4) are, for some purposes, equivalent to
a linear regression of y on X with a single error term of variance 03 +
o?. For mathematical convenience, we reparameterize by defining a pa-
rameter for the total variance and a parameter for the proportion of vari-

ance due to v:

2

(o =0‘3+0'2

€

2
0‘7

A=
o'%-i-o'z

€

The vector v™P of hypothetical vote proportions is determined by
an analogous probability model:

yive) = xhverg 4 gy 4y 4 gy, (5)

where P is a new vector of n independent error terms with variance
a2, and §™P is a known constant used to model statewide partisan swing.
The hypothetical outcome, v"P, which generates the numerical results
for the columns in Table 1, differs from the actual v in three ways:

1. The explanatory variable matrix X is replaced by XP, to recog-
nize that we may wish to specify different conditions under which
the hypothetical election may be run (such as no incumbents
running).

2. A constant, 3P, is added to allow a statewide partisan swing to
be specified. One can specify either 3™? or a corresponding value
for the expected average district vote, E(v™P)3

This is true, since 8™P = EGE™P) — (1/n) T1_,(X"™p),.
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3. The new error term, ¢™P, models the fact that, even if the vari-
ables in X were unchanged, we would not expect v to be iden-
tical to v. Across many hypothetical elections, vy remains un-
changed, while ¢ varies.*

The parameters of this model to be estimated—o?, N, and p—are
not usually of primary interest in evaluating electoral systems and redis-
tricting plans (although B is in some cases of interest in evaluating causal
effects). Instead, we define all the quantities of interest, including the
seats-votes curve, district vote predictions, and the like, in terms of the
distribution of hypothetical election outcomes v?, given the average
district vote v or the actual election outcomes v when available (which,
in turn, depend on the parameters). The specific method for calculating
this conditional distribution from this model is described in section 4.

2.2, Interpretation of the Model

Aggregate partisan swing. The parameter 8™P, or the corresponding
value of E(v'™P), in this model is a notational convenience that allows
us to vary the average district vote in a hypothetical (or predicted) elec-
tion, without affecting the relative positions of the districts. This parti-
tioning reflects the common result that it is often quite easy to predict
which districts will vote more Republican than others, but it is harder to
forecast exactly what the average vote will be across districts; put differ-
ently, given the average vote across districts, it is easy to predict the
vote proportions within each district.

According to the model, expected votes differ across legislative dis-
tricts at any one time (as governed by X8 + v). Over time, the districts
swing along with the statewide mean (due to the scalar parameter §?))
but only on average (due to the random error term e). Another way to
put this is that districts move on average with the statewide mean, but,
for any given statewide issue producing a swing toward a party, any
district may move with or against the statewide trend (as indicated by a
scatter plot of district votes in two successive years; see, e.g., Figures 1
and 2 in King and Gelman 1991). This allows us to account for local
differences in the appeal of the candidates and other factors simulta-
neously with statewide swings.

The stochastic model is interpreted slightly differently for prediction
and evaluation: for prediction, we ask how many seats will the Democrats

‘Another way to think of this model is that, for each district i, v; and v\"™ are not

independent, due to the random variable v, they share. Given the explanatory variables X,
X" and 8P and the parameters B, a2, and A, we can combine equations (3) and (5) to
find that the theoretical correlation between v, and v!™ is X,






































































































